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a b s t r a c t

A generalized optimization method is presented for conduction-cooled or cryocooled current leads whose
operating current may vary over a period of time. This study is part of our ongoing efforts to reduce the
cooling load in HTS power applications, where the actual current level varies considerably over a day and
over a year. The presented method is also applicable to superconducting magnets that are not always
operational at full current. When the operating current is given as a function of time, the total or accu-
mulated cooling load at the cold end is calculated by integrating the instantaneous load over the period.
The optimal length-to-area ratio of conductor is determined to achieve a minimum in the total load. After
an accurate procedure taking into full account the temperature-dependent properties of conductor is
developed with numerical calculations, a simple and reasonably accurate method based on Wiede-
mann-Franz approximation is suggested for practical use.

� 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Current leads are the key components that make an electrical
connection between room-temperature components and super-
conductors at cryogenic temperature. Since heat transmitted
through the leads to the cold region is a major source of cooling
load for many superconducting systems, there have been numer-
ous efforts to reduce the thermal load for the past decades [1–
12]. Several standard optimization methods were successfully
developed up to date for vapor-cooled and conduction-cooled
leads to achieve a minimum heat into the cold end for a given elec-
trical current.

For some instances, however, the operating current may not be
constant over a period of time. Many superconducting magnets are
charged with full current only for a short period, then are operated
at a reduced current level or maintained in standby mode for most
period of time. A more important example of unsteady operating
current is the HTS (high temperature superconductor) power sys-
tem, including superconducting cable, superconducting fault cur-
rent limiter (SFCL), or superconducting transformer. As these
should be installed in electric transmission grid, the actual current
level varies considerably over a day and a year, depending on the
power consumption. One of the most effective ways to save the
heat leak for intermittent use is to employ the demountable or
removable design that allows a disconnection of the leads from
the superconductors while the current is zero [12,13]. On the other
hand, if the electrical current should flow continuously as in the
HTS power system, fixed leads are indispensible and the physical

dimensions of conductor should be determined to minimize the
cooling load resulting from the unsteady operating current.

There have been previous reports on the current leads whose
operating current is not constant. Gavrilin and Keilin [4] presented
an optimization of vapor-cooled leads for a given duty cycle with
variable current periods. In this work, a design approach of ‘‘over-
loaded” current leads was suggested to reduce the time-averaged
evaporation of liquid helium when the duty cycle has a long idle
period. It was also demonstrated with computer simulation how
much the relative operating time affects the reduction of thermal
load and the overheating of conductor in ‘‘self-gas-cooled” leads
made with brass or copper. Later, this overloaded design was con-
sidered more practically for an 18 kA level of vapor-cooled brass
leads whose idle time is over 91% throughout a year, by taking into
account the safety and economic factors [8]. Lee et al. [7] presented
experimental and analytical results on boil-off rate in vapor-cooled
leads when the operating current is varied over a wide range, and
reported that a pair of 40 A brass leads were stable at over-currents
up to 200 A.

This study intends to develop a generalized optimization meth-
od for conduction-cooled leads, which is applicable to arbitrary
variation of operating current. The design goal is to find the opti-
mal length-to-area ratio of conductor that will minimize the accu-
mulated thermal load over the period, when the operating current
is specified as a function of time. Since the current variation of pri-
mary concern here is relatively slow (such as hourly variation or
even monthly variation), the transient term is neglected in energy
balance, as typically called quasi-steady. The developed method is
applicable not only to conduction-cooled leads, but also to the
cryocooled leads in a closed vapor-filled space [9,11], and the va-
por-cooled leads where the effect of convective cooling is relatively
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small or the dimensionless Ch number is much less than unity [10].
Only the conventional metallic leads (not HTS leads) are consid-
ered in this study.

A key issue in this optimization is how to incorporate the tem-
perature-dependent properties of conductor into the cooling load
calculation. General formulation is presented first for exact calcu-
lation with the temperature functions of thermal conductivity
and electrical resistivity. Then, three approximate methods on
the temperature-dependent properties are presented and com-
pared in terms of accuracy and simplicity.

2. General formulation

2.1. Optimal operation

Energy balance for the infinitesimal control volume of a conduc-
tor shown in Fig. 1 can be written as

d _Q ¼ �qI2

A
dx ð1Þ

where _Q is heat transfer rate towards the cold end (in negative x-
direction), and q and A are electrical resistivity and cross-sectional
area of the conductor, respectively. The operating current I is a func-
tion of time, but the transient effect is neglected with the quasi-
steady assumption. By combining Eq. (1) with the Fourier’s conduc-
tion law, _Q � dx ¼ kA � dT , the heat flow is expressed as a function of
temperature T.

_Q � d _Q ¼ �kqI2 � dT ð2Þ

where k is thermal resistivity of conductor. Eq. (2) is integrated
from TL (cold-end temperature) to TH (warm-end temperature),
yielding the minimum heat at the cold end

ð _QLÞmin ¼ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Z TH

TL

kq � dT

s
ð3Þ

by letting _QH ¼ 0. For an optimal condition to have this minimum
cooling load, the length-to-area ratio of conductor should be deter-
mined by integrating the Fourier’s law

dx
A
¼ k

_Q
dT ð4Þ

from (x,T) = (0,TL) to (L,TH), where L is the conductor length. The
optimal condition is

IL
A

� �
opt
¼
Z TH

TL

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
R TH

T kq � dT
q � dT ð5Þ

which is called the ‘‘instantaneous” optimal parameter. It is noted in
Eq. (3) that the minimum heat load has nothing to do with any

geometric dimensions, as far as the length-to-area ratio satisfies
Eq. (5). Under this optimal condition, the temperature gradient at
the warm end should be zero as schematically shown in Fig. 1, be-
cause _QH has been set to zero.

If the operating current varies over a period of time, the optimal
condition defined by Eq. (5) can not be satisfied at all times with
any fixed conductor. When IL/A is smaller than its optimum (re-
ferred to as ‘‘under-current operation”), the axial temperature gra-
dient is positive over the entire length of conductor as illustrated in
Fig. 1 and _QH > 0. On the contrary, when IL/A is larger than its opti-
mum (referred to as ‘‘over-current operation”), a temperature
overshoot occurs above TH as illustrated in Fig. 1 and _Q H < 0. The
cooling load at the cold end _Q L is greater than its minimum for
both cases.

2.2. Under-current operation

Under-current operation is the situation that the operating cur-
rent is smaller than its optimum for fixed geometric dimensions of
conductor.

I < Iopt ¼
A
L

Z TH

TL

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
R TH

T kq � dT
q � dT ð6Þ

Nomenclature

A cross-sectional area of conductor (m2)
I electrical current (A)
K thermal conductivity (W m�1 K�1)
L length of conductor (m)
L0 Lorentz number (W X K�2)
n exponent of temperature dependency in Eq. (20)
_Q heat transfer rate (W)
Q heat (J) or (W h)
T temperature (K)
t time (s)
x axial distance from cold end (m)

Greek letters
q electrical resistivity (X m)
s period of time (s)

Subscripts
H high (room) temperature at warm end
L low temperature at cold end
min minimum
opt optimum
p peak temperature
RMS root mean square

Fig. 1. Notations and temperature profiles of conduction-cooled current lead.
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Since the temperature gradient is positive over the entire length
of conductor, T(x) is a function of one-to-one correspondence, and
Eq. (2) is simply integrated from TL to arbitrary T, yielding the
expression for _QðTÞ as

_Q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q2

L � 2I2
Z T

TL

kq � dT

s
ð7Þ

Eq. (4) is integrated from (0,TL) to (L,TH), after Eq. (7) is substi-
tuted into _Q .

L
A
¼
Z TH

TL

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q 2

L � 2I2 R T
TL

kq � dT
q � dT ð8Þ

Eq. (8) is the general relation among _Q L, I, and L/A for under-cur-
rent operation. The data set obtained from numerical integrations
may be shortly converted into a tabulated form of _Q L ¼ f ðI; L=AÞ for
under-current operation.

2.3. Over-current operation

Over-current operation is the situation that the operating cur-
rent exceeds its optimum for fixed geometric dimensions of
conductor.

I > Iopt ¼
A
L

Z TH

TL

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
R TH

T kq � dT
q � dT ð9Þ

Since a temperature overshoot occurs as shown in Fig. 1, the
first step is to find a relation between the peak temperature TP

and its axial location LP. Noting that _Q ¼ 0 at x = LP, Eq. (2) is inte-
grated from TL to TP for the relation between _Q L and TP.

1
2

_Q 2
L ¼ I2

Z TP

TL

qk � dT ð10Þ

It is noted in Eqs. (3) and (10) that TP is equal to TH at optimal
operation. Eq. (2) is integrated from TL to arbitrary T at
0 � x � LP , and then integrated again from TP to arbitrary T at
LP � x � L, yielding the expression for _QðTÞ.

_Q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q 2

L � 2I2 R T
TL

kq � dT
q

for 0 � x � LP

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2I2 R TP

T kq � dT
q

for LP � x � L

8><
>: ð11Þ

Similarly as before, Eq. (4) is integrated over the conductor
length with Eq. (11), but this integration should be piecewise for
the two regions; from (x,T) = (0,TL) to (LP,TP) and from
(x,T) = (LP,TP) to (L,TH).

L
A
¼
Z TP

TL

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q2

L � 2I2 R T
TL

kq � dT
q � dT þ

Z TP

TH

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2I2 R TP

T kq � dT
q

� dT ð12Þ

Eqs. (10) and (12) are the general relations among _QL, TP, I, and
L/A for over-current operation. The data set obtained from numer-
ical integrations may be converted into a tabulated form of
_QL ¼ f ðI; L=AÞ for over-current operation.

2.4. Optimization

Eqs. (8) and (12) are the implicit expressions to calculate the
instantaneous cooling load for any given values of operating cur-
rent and length-to-area ratio, _Q L ¼ f ðI; L=AÞ. To illustrate these
functional relations, the cooling load is numerically calculated
and plotted in Fig. 2 for a case that TH = 300 K, TL = 77 K, and the
conductor material is copper with RRR = 20. A standard program
[14] is used for the temperature-dependent properties of copper.

The constant-current curve has a U-shape, which means that there
exists a unique optimum for L/A to minimize _Q L when the operat-
ing current is constant. As indicated by ‘‘Optimal Operation,” the
dotted straight line is passing through those optimal points that
are determined with Eqs. (3) and (5). The curves above the line
are obtained from Eq. (8) for over-current operation, and the
curves below the line are obtained from Eq. (12) for under-current
operation. The lower limit represents the pure thermal conduction
with no current (I = 0), and the upper limit represents the burn-out
where the peak temperature reaches the melting temperature of
copper.

When the operating current I(t) is given as a function of time
over a period s, the cooling load _Q L is integrated over the time per-
iod, yielding a total or accumulated heat of the lead

QL ¼
Z s

0

_QL I;
L
A

� �
dt ¼ QL

L
A

� �
ð13Þ

which is a function of L/A only. The final optimization is to deter-
mine the length-to-area ratio such that the total load has a mini-
mum or dQL/d(L/A) = 0. The detailed procedure is demonstrated,
after three approximation methods for temperature-dependent
properties are presented in next sections.

3. Approximation for temperature-dependent properties

Thermal conductivity and electrical resistivity of common con-
ductor materials are strongly dependent on temperature [14,15],
which is one of the reasons why the accurate optimization of cur-
rent leads is difficult in practice. The temperature-dependent prop-
erties may well be modeled in simpler forms, especially for the
leads at liquid nitrogen temperature. As mentioned earlier, the pri-
mary interest of this study is the HTS power applications with li-
quid nitrogen. In addition, many contemporary devices working
at lower temperatures employ binary HTS leads, where metallic
conductor serves typically between room temperature and liquid
nitrogen temperature [6,8,16,17]. In this study, three approximate
methods on the properties are presented and discussed in terms of
accuracy and usefulness.

3.1. Averaged constants

A simple approximation is to assume that k and q are constant
at averaged values over the temperature range between TL and TH.
With constant properties, the optimum current is expressed as

Fig. 2. Instantaneous cooling load as a function of length-to-area ratio for various
values of operating current (TH = 300 K, TL = 77 K, Copper with RRR = 20).
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Iopt ¼
A
L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k
q
ðTH � TLÞ

s
ð14Þ

from Eq. (5). Eqs. (8) and (12) are shortly integrated, ending up with
the same expression for both under-current and over-current
operations

L
A
¼

ffiffiffiffiffiffiffi
2k

qI2

s ffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q 2

L

2I2kq

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q2

L

2I2kq
� ðTH � TLÞ

s" #
ð15Þ

which is rearranged for the instantaneous cooling load as

_Q L ¼
qI2L
2A
þ kA

L
ðTH � TLÞ ð16Þ

The accuracy of Eq. (16) may be acceptable for under-current
operation, but a substantial error could occur for over-current
operation due to the temperature overshoot.

With this approximation, the total cooling load over the time
period is expressed as

Q L ¼
qL
2A

Z s

0
I2dt þ kA

L
ðTH � TLÞs ð17Þ

The optimum L/A can be found directly from oQL/o(L/A) = 0.

L
A

� �
opt
¼ 1

IRMS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k
q
ðTH � TLÞ

s
ð18Þ

where IRMS is the root mean square of the varying current I(t) .

3.2. Wiedemann-Franz model

The properties of common conductor materials including cop-
per obey reasonably well the Wiedemann-Franz law, k�q = L0T,
where L0 is called the Lorenz number. With this model, the opti-
mum current becomes

Iopt ¼
A
L

Z TH

TL

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0ðT2

H � T2Þ
q � dT ð19Þ

from Eq. (5). In addition, it is a fairly good approximation to take the
temperature dependency of q and k in simple functional forms as

q
qH
¼ T

TH

� �n

and
k

kH
¼ T

TH

� �1�n

ð20Þ

where the subscript H denotes the value at warm-end or room tem-
perature, and the n value is close to unity in the temperature range
77–300 K [14,15]. If n is taken to be 1, the thermal conductivity is a
constant, and Eq. (19) is integrated simply as

Iopt ¼
kA

L
ffiffiffiffiffi
L0
p cos�1 TL

TH
ð21Þ

With this Wiedemann-Franz model, Eq. (8) for under-current
operation is simplified to

L
A
¼ k

I
ffiffiffiffiffi
L0
p sin�1 TH

TP
� sin�1 TL

TP

� �
ð22Þ

where TP is ‘‘virtual” peak temperature, defined as

TP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q 2

L

I2L0
þ T2

L

s
ð23Þ

even though there is no temperature overshoot during under-cur-
rent operation. It should be noted that TP is greater than TH in any

case, because _QL > I
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 T2

H � T2
L

� �r
for under-current or over-cur-

rent operation. Eq. (22) can be rearranged for the instantaneous
cooling load

_QL ¼ I
ffiffiffiffiffi
L0

p
TH csc

IL
ffiffiffiffiffi
L0
p

kA
� TL cot

IL
ffiffiffiffiffi
L0
p

kA

� �
ð24Þ

with trigonometric relations derived in Appendix.
Similarly for over-current operation, Eq. (12) is simplified to

L
A
¼ k

I
ffiffiffiffiffi
L0
p cos�1 TH

TP
þ cos�1 TL

TP

� �
ð25Þ

where TP is the ‘‘actual” peak temperature in Eq. (23) as determined
by Eq. (10). Eq. (25) can be rearranged for the instantaneous cooling
load with trigonometric relations derived in Appendix, and the re-
sult is exactly same as Eq. (24).

Since Eq. (24) is the instantaneous cooling load applicable to
both under-current and over-current operation, the total cooling
load over the time period is expressed as

QL ¼
ffiffiffiffiffi
L0

p
TH

Z s

0
I csc

IL
ffiffiffiffiffi
L0
p

kA
dt � TL

Z s

0
I cot

IL
ffiffiffiffiffi
L0
p

kA
dt

� �
ð26Þ

for any I(t). The optimum L/A can be found directly from oQL/o(L/
A) = 0.

TL

TH
¼
R s

0 I2 csc I
ffiffiffiffi
L0

p
k

L
A

� �
opt cot IL

ffiffiffiffi
L0

p
kA

L
A

� �
optdtR s

0 I2csc2 I
ffiffiffiffi
L0

p
k

L
A

� �
optdt

ð27Þ

which is the condition to minimize the total cooling load, based on
the Wiedemann-Franz model.

3.3. McFee approximation

Another useful approximation was suggested by McFee [2] to
calculate the instantaneous cooling load at off-optimum operation.

_QL ¼
_Q L

� �
min

2
I

Iopt
þ Iopt

I

� �
ð28Þ

where the minimum cooling load and the optimum current are
found most accurately with Eqs. (3) and (5), respectively. For sim-
plicity, the Wiedemann-Franz model may be used here as

_Q L

� �
min
¼ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 T2

H � T2
L

� �r
ð29Þ

Iopt ¼
kA

L
ffiffiffiffiffi
L0
p cos�1 TL

TH
ð30Þ

It is important to notice that Eq. (28) is accurate only when the
operating current is close to its optimum.

If Eqs. (29) and (30) are substituted into Eq. (28), the total cool-
ing load integrated over the time period is expressed as

QL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 T2

H � T2
L

� �r
2

L
ffiffiffiffiffi
L0
p

kA cos�1 TL=THð Þ

Z s

0
I2dt þ kA cos�1 TL=THð Þ

L
ffiffiffiffiffi
L0
p s

	 

ð31Þ

The optimum L/A can be found directly with taking oQL/o(L/A) = 0.

L
A

� �
opt
¼ k

IRMS
ffiffiffiffiffi
L0
p cos�1 TL

TH
ð32Þ

which is the condition to minimize the total cooling load with the
McFee approximation.

4. Results and discussion

The exact and approximate expressions derived in the previous
sections are quantitatively evaluated and discussed with two
specific cases of unsteady operating current. The first is hourly var-

H.-M. Chang, M.J. Kim / Cryogenics 49 (2009) 210–216 213



Author's personal copy

iation of operating current over a day, based on power consump-
tion database. Fig. 3a is an example of projected current variation
in power grid on a weekday, which has a daytime peak of 2 kA
around at 1 pm and a nightly minimum of 1.4 kA around at 3
am. The second is monthly variation of operating current over a
year, which may be more significant in practice for optimizing cur-
rent leads in HTS power systems. Fig. 3b is an extreme example of
projected current variation over a year for a big city in northern
hemisphere, which has a sharp peak of 2.5 kA in August (due to
heavy air-conditioning usage) and a seasonal minimum of 1 kA in
May. The RMS values of varying current for Fig. 3a and b are
1.78 kA and 1.45 kA, respectively.

For the two given functions of I(t), the instantaneous cooling
load is calculated with Eqs. (8) and (12) at various values of L/A,
and plotted in Fig. 4a and b, respectively. At every time step, the
right equation should be selected by comparing the magnitude of
instantaneous current with its optimal current. When L/A is rela-
tively small (with ‘‘fat” structure of conductor), the cooling load
does not change significantly according to the current variation,
because the thermal conduction is dominant over Joule heating.
On the other hand, when L/A is relatively large (with ‘‘slim” struc-
ture of conductor), the cooling load fluctuates extensively accord-
ing to the current variation, because Joule heating is dominant
over the thermal conduction.

The total or accumulated cooling load for a given L/A is the area
under the curve in Fig. 4. The total load is integrated for a number
of L/A values, and plotted as a function of L/A in Fig. 5a and b for the
two examples of current variation. The solid curve labeled by ‘‘Ex-
act” is obtained with the numerical integration taking into full ac-
count of the temperature-dependent properties [14], and the
dashed or dotted curves are obtained with the three approximate
methods. The approximation by averaged constants may be
acceptable at small values of L/A, but results in a serious underes-
timation of the load at larger values of L/A. The reason is obviously
because the averaged values at 77–300 K (k = 384.6 W m�1 K�1,
q = 1.076 � 10�8 X m) [14] are not appropriate at temperatures
above 300 K, as mentioned earlier. The Wiedemann-Franz model
is in a fairly good agreement with the exact calculation, since the
Wiedemann-Franz approximation with k = 379.0 W m�1 K�1 and
L0 = 2.31 � 10�8 W X K�2 [14] is acceptably accurate over a wide
temperature range for copper with RRR = 20. McFee approximation
matches closely near the minimum load condition, but shows a
discrepancy at small or large values of L/A, as the approximation
is valid only in the vicinity of the optimal operation.

The design value of L/A to minimize the total cooling load is
indicated by a dot for each curve in Fig. 5a and b. The exact values
of optimum L/A and minimum QL are (17.0 cm�1, 1.87 kW h) for
Fig. 5a, and (19.4 cm�1, 0.582 MW h) for Fig. 5b, respectively. With
the Wiedemann-Franz approximation, the minimum cooling load
is very accurately estimated (1.5% and 0.68% error in Fig. 5a and
b, respectively), even though the optimum L/A is overestimated

Fig. 3. Two examples of projected current variation: (a) variation over a day and (b)
variation over a year.

Fig. 4. Instantaneous cooling load for several values of length-to-area ratio: (a)
variation over a day and (b) variation over a year.
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by 6.4% and 5.3%, respectively. The error of the presented Wiede-
mann-Franz model can not be generalized with these examples
only, because it depends upon the given current variation. On the
other hand, it may well be stated that Eqs. (26) and (27) are conve-
nient and useful tools for a short estimation, recalling that the ex-
act calculation requires a series of complicated numerical
integrations linked with the standard program on temperature-
dependent properties.

An easy and conservative design strategy for unsteady operat-
ing current is to determine the L/A value based on the peak current.
For example in Fig. 3b, L/A can be taken simply as 12.5 cm�1, which
is the optimum L/A assuming that the operating current is 2.5 kA
(the peak value) all over the year. This is obviously a safe design,
since the leads are always at under-current operation with no tem-
perature overshoot, but requires a much greater cooling load, as
additionally plotted and labeled by I = 2.5 kA in Fig. 5b. If the oper-
ating current actually varied like Fig. 3b upon this design, the total
load would be 0.695 MW h, as can be read at the intersection of the
vertical line and the exact curve in Fig. 5b. The key point here is
that this total load can be reduced to 0.582 MW h (by 16.3%), if
the conductor dimensions are optimized with a consideration of
the current variation.

Finally, it should be mentioned that this optimization aims pri-
marily at the most efficient cooling, and other constraints may ap-
ply to the practical lead design. For example, an allowable
maximum temperature may be imposed as a safety constraint.

Since the conductor reaches the highest temperature at the mo-
ment of peak current, the maximum temperature is TP in Eqs.(10)
and (12) with the peak current. The length-to-area ratio of conduc-
tor should be determined at a lower value in order to meet the im-
posed temperature requirement. Material selection of the
conductor is also a crucial issue in practice, when efficient cooling
and safety are considered at the same time as mentioned by Gav-
rilin et al. [8], but these topics are beyond the scope of this study.

5. Conclusions

When the operating current is given as a function of time, the
physical dimensions of conductor can be uniquely determined to
minimize the total cooling load at the cold end over the period.
An accurate procedure to optimize the dimensions is presented
and demonstrated with fully incorporating the temperature-
dependent properties of conductor. Since the general procedure
should be involved of complicated numerical calculations, three
simpler approximate methods on the properties are also presented,
including the averaged constants, Wiedemann-Franz model, and
McFee approximation. The exact and approximate methods are
compared with two specific examples of current variation based
on power consumption database. It is found that the approxima-
tion with Wiedemann-Franz model is reasonably simple and accu-
rate in determining the optimal length-to-area ratio of conductor
and the minimum cooling load.
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Appendix A

Details of the derivation procedures for Wiedemann-Franz
model are presented with trigonometric relations. A circle centered
at O has diameter XW, as shown in Fig. A1. Recalling that
TL < TH � TP , four points (X, Y, Z, W) on circumference of the circle
are selected such that

XY ¼ TL;XZ ¼ TH;XW ¼ TP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_Q 2

L

I2L0
þ T2

L

s
ðA1Þ

Y and Z are located at the same side of diameter XW for under-cur-
rent operation, as in Fig. A1a, and at the opposite sides for over-
current operation, as in Fig. A1b. For an optimal operation, Z and
W are identical, because TH = TP.

A.1. Under-current operation

Since DXYW and DXZW in Fig. A1a are right triangles,

\XWY ¼ sin�1 TL

TP
ðA2Þ

\XWZ ¼ sin�1 TH

TP
ðA3Þ

The angle between WY and WZ is

\YWZ ¼ sin�1 TH

TP
� sin�1 TL

TP
ðA4Þ

From Eq. (22)

\YWZ ¼ IL
ffiffiffiffiffi
L0
p

kA
ðA5Þ

Fig. 5. Total cooling load as a function of length-to-area ratio to compare exact
calculation and three approximate methods: (a) total cooling load for a day and (b)
total cooling load for a year.
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and

\YXZ ¼ IL
ffiffiffiffiffi
L0
p

kA
ðA6Þ

because \YWZ ¼ \YXZ. For right triangle DXYU

XU ¼ TL cos
IL

ffiffiffiffiffi
L0
p

kA

� �
ðA7Þ

and for right triangle DWYV

YV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

P � T2
L

q
sin

IL
ffiffiffiffiffi
L0
p

kA

� �
ðA8Þ

Since XZ ¼ XU þ YV ,

TH ¼ TL cos
IL

ffiffiffiffiffi
L0
p

kA
þ

_Q L

I
ffiffiffiffiffi
L0
p sin

IL
ffiffiffiffiffi
L0
p

kA
ðA9Þ

from Eqs. (A1), (A7), and (A8). Eq. (A9) can be rearranged to Eq. (24).

A.2. Over-current operation

Since DXYW and DXZW in Fig. A1b are right triangles,

\WXY ¼ cos�1 TL

TP
ðA10Þ

\WXZ ¼ cos�1 TH

TP
ðA11Þ

The angle between XY and XZ is

\YXZ ¼ cos�1 TH

TP
þ cos�1 TL

TP
ðA12Þ

From Eq. (25)

\YXZ ¼ IL
ffiffiffiffiffi
L0
p

kA
ðA13Þ

and

\WYV ¼ IL
ffiffiffiffiffi
L0
p

kA
ðA14Þ

because DYXU is similar to DWYV. For right triangle DXYU with Eq.
(A13)

XU ¼ TL cos
IL

ffiffiffiffiffi
L0
p

kA

� �
ðA15Þ

and for right triangle DWYV with Eq. (A14)

VW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

P � T2
L

q
sin

IL
ffiffiffiffiffi
L0
p

kA

� �
ðA16Þ

Since XZ ¼ XU þ VW ,

TH ¼ TL cos
IL

ffiffiffiffiffi
L0
p

kA
þ

_Q L

I
ffiffiffiffiffi
L0
p sin

IL
ffiffiffiffiffi
L0
p

kA
ðA17Þ

from Eqs. (A1), (A15), and (A17). Eq. (A17) can be rearranged to Eq.
(24).
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Fig. A1. Geometric figures for trigonometric relations in Wiedemann-Franz model:
(a) under-current operation and (b) over-current operation.
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